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Evaluating a functional integral exactly over a subset of metrics that represent the quantum 
fluctuations of the horizon of a black hole, we obtain a Schroedinger equation in null coordinate 
time for the key component of the metric. The equation yields a current that preserves probability 
if we use the most natural choice of functional measure. This establishes the existence of blurred 
horizons and a thermal atmosphere. It has been argued previously that the existence of a thermal 
atmosphere is a direct concomitant of the thermal radiation of black holes when the temperature of 
the hole is greater than that of its larger environment, which we take as zero. 



I. INTRODUCTION 

Hawking has shown that black holes emit radiation 
that has the expectation values of thermal ( "gray body" ) 
radiation pj . Wald sharpened the result by removing the 
restriction to expectation values Q and DeWitt Q gave 
a complete analysis of all the modes of radiation, includ- 
ing those that "hug" the region 2M < r < 3M. York 
J4J argued in detail that there must be a thermal atmo- 
sphere surrounding the hole as a result of the zero-point 
fluctuations of the metric of the horizon: Ag ~ h 1/>2 . A 
further argument was made to the effect that this ther- 
mal atmosphere was not a phenomenon different from 
the Hawking radiation, but is its physical concomitant. 
This was inferred from a careful estimation of its temper- 
ature. The result was within two percent of the Hawk- 
ing temperature for the lowest quasi-normal oscillation 
modes of the hole, which were assumed to be the fre- 
quencies at which zero-point fluctuations would naturally 
occur. In his analysis the matter fields were completely 
neglected. Vacuum fluctuations break the degeneracy of 
the event horizon, the apparent horizon and the time- 
like limit surface and radiation can be emitted. One 
expects that the temperature of the emitter can only 
depend on the Schwarzschild radius r s , h and possibly 
G. Every combination thereof with unit temperature (in 
units where the Boltzmann constant is equal to 1) has the 
form G n ~ 1 h n r\~' 2n . Since the radiation in York's picture 
is due to vacuum zero-point fluctuations the tempera- 
ture is independent of G, too. Therefore, the temper- 
ature must be of the order of h/r s in both York's and 
Hawking's picture. Now we actually know which result 
quantum gravity has to yield. 

A physical argument was given as to why the apparent 
ultraviolet divergences associated with high frequency 
modes do not actually occur. Alternatively and equiv- 
alently, the textbook definition of a black hole has the 
locus of its horizon defined by null geodesies - infinite 
frequency massless particles. These, of course, do not 
actually exist because there is an associated width for 
any real "photon" or wave packet. 
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Except for the lowest frequency waves for a given mass- 
lesss spin, the outgoing waves do not propagate freely. 
This is well known in classical studies of quasi-normal 
waves. Higher frequencies are trapped by the hole as 
zero-mass, speed of light "moons" completely surround- 
ing and "hugging" the hole and therefore raising no tides 
and creating no observable effects. The lowest frequency 
modes, however, do create a splitting of the event hori- 
zon, the apparent horizon and the timelike limit surface. 
The "blurred" region of horizons is the thermal atmo- 
sphere. 

The point of view in Q was similar to a way that one 
can view Welton's treatment @ of the Lamb shift: A 
Dirac hydrogen atom does come into equilibrium with 
the zero-point fluctuations of the electromagnetic field. 
The latter break a degeneracy. This shift in energy levels 
is the Lamb shift and it shows how the hydrogen atom 
comes into equilibrium by means of this adjustment in its 
zero temperature vacuum. In £| it is argued that a black 
hole cannot do this when bathed in zero temperature 
gravitational metric fluctuations ("virtual gravitons"). It 
must form a thermal atmosphere and radiate. This is 
a form of the fluctuation-dissipation phenomenon which 
will be considered in detail elsewhere. This fluctuation- 
dissipation effect does not restore equilibrium because 
the surrounding zero-temperature is not the black hole 
temperature. In the present case, the dissipation is a 
gradual "run-away" further and further from equilibrium 
as the black hole shrinks and becomes hotter - unless 
the hole somehow finds itself in an equally hot region of 
space. 

In this paper we improve the semi-classical arguments 
in by a path integral method. In this context we 
wish to mention techniques in loop quantum gravity [||, 
anomaly cancellation Q and string theory [g. However, 
these approaches take the black hole somehow as a fixed 
"background" feature, which it cannot be. The advan- 
tage of the approach presented here is its mathemati- 
cal simplicity and its connection to a powerful physical 
picture. Only very few simplifying assumptions are nec- 
essary to obtain a Schroedinger equation. However, we 
are by no means claiming that our treatment is the final 
word, or that we have gotten to the very bottom of the 
phenomenon. 
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II. CLASSICAL EQUATIONS OF MOTION 



A spherical black hole can be described by the metric 



ds 2 = - F(v,r,9)dv 2 +2dvdr 
+ v 2 M {d9 



2 i -2 nj±2\ 

sin a - 



(1) 



where F is a function of v, r, and 9 and tp is a func- 
tion of r. This resembles the kind of metric used by 
Bardeen and, later, York [jjj to study the backreac- 
tion of black hole evaporation. Surfaces of constant v are 
null surfaces whose null tangents and null normals are 
8/ dr. All deviations from the classical path are taken to 
be of this form which simplifies our treatment substan- 
tially. In particular it is very easy to avoid ghosts. Like 
the treatment of the one-dimensional harmonic oscilla- 
tor in non-relativistic quantum mechanics this truncated 
"superspace" quantization freezes degrees of freedom the 
system actually posseses. This freezing, of course, vio- 
lates the uncertainty relation for those degrees of free- 
dom. Nevertheless, the one-dimensional harmonic oscil- 
lator is still useful even though the ground state energy 
is too small by a factor of three. However, the nonlinear 
nature of general relativity makes it hard to predict what 
the exact effect of fixing some of the dynamical fields will 
be (cf. fTl| ) . We will comment on this complication later. 

Classically, we expect in the absence of matter ip(r) 
r and F(v,r,0) = 1 — 2m ( v > s ) . Since the commutator 
in the semi-classical approach Q was evaluated at fixed 
"time" v and orbital "quantum number" I (i.e., no tran- 
sitions between levels with different I were considered, a 
simplification) we keep the v and 9 dependent part fixed. 
Thus, m(v,6) = M where M is the average mass of the 
hole which we will assume in the remainder of the paper. 
Varying only the r-dependent part of F(v, r, 9) the Euler- 
Lagrange equation for F will turn out to leave F undeter- 
mined because the Lagrangian depends only linearly on 
F and its derivatives. Varying tp{r) alone and fixing F at 



its classical value F(v, r, 9) = 1 



gives a Lagrangian 



which does not look manifestly local in "time" , i.e. the 
Lagrangian depends on r explicitly. Thus, we decide to 
vary either tp(r) and/or the r-dependent part of F and 
relate the two fields by the classically expected relation 
F = 1 — rr^- This will allow us to deal with one scalar 
field which is a function of one variable only. The Hilbert 
action is 

dr dv &(> d9C (2) 

Jvq Jo Jo 

with the Lagrangian 

C = sin 6 [ip 2 F trr + 4#, r F r + 4i>if>, rr F + 2*p 2 r F - 2] .(3) 

We integrate over one period 2tt/lo of quasi- normal mode 
oscillations. Since C is independent of v this only re- 
sults in an additional normalization factor. Note that the 
factor \f—g = ip 2 (r) sin 9 is already included in the La- 
grangian. We verify that our approach is meaningful at 



the classical level. Varying the Lagrangian with respect 
to F (which is just —g vv ) we can obtain the equations of 
motion from the Euler-Lagrange equation 



8C 



d dC 8C 



dr 2 9F 7 



drdF, 



OF 



= 



(4) 



In order to vary the three components of the metric ten- 
sor together we have to express C in terms of F and 
its derivatives only, i.e. C = C(F, F 
r « 2M and (1 - F)" 1 « 1 + F we have 



F rr ). Assuming 



C = sin 9 
and finally 



2(1 -F) 



8m 
1-F' 



F, 



(1 



4m 2 

^Fj - rr 



L F r -F t rr -r~ 2 (l -F) =0 



(5) 



(6) 



which is equivalent to the following linear combination of 
components of the Einstein tensor 



r-m i~iO f~iq> n 



(7) 



However, we prefer to vary the Lagrangian with respect 
to if), relating ip and F as before where rg = 2M. This 
allows us to get rid of linearizations like (1 — F)^ 1 w 1 + F 
used above. The Euler-Lagrange equation for tp is simply 



ip rr = 



(8) 



whose solution is ip{ r ) — °i + c ir where c\ and C2 are 
arbitrary constants. The constants are not an artifact of 
gauge freedom. They can be determined by the "bound- 
ary condition" that equates the constant m in the metric 
to the mass of the black hole. 

Having convinced ourselves that the classical equation 
of motion is correct we now compute the action which we 
will need later for our path integral prescription. Eval- 
uating all integrals in Eq. except the dr-integral and 
using F = 1 — 2m/ip(r) we obtain for the action without 
any approximations 



S = 



16n 2 



dr (iP 2 r - 3MV>,„. + 2tpip. 
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(9) 



In classical mechanics the Lagrangian can be multiplied 
by an arbitrary normalization constant k. In quantum 
gravity however the normalization is not arbitrary. We 
define a new action for which we explicitly retain the 
normalization constant k which will be determined later. 
Also, because in classical mechanics an arbitrary num- 
ber can be added to the Lagrangian without altering the 
equations of motion we have added a scalar number to 
our new action which cancels the constant part in the 
parenthesis. The second term in the parenthesis is a 
pure boundary term which we have omitted in our new 
action. Finally, the third term is integrated by parts and 
the emerging boundary term is absorbed as well. Thus, 
our new redefined action is 



S = -k 



16tH 



drip 2 



(10) 
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No linearizations were used to obtain Eq. ^3 Also note 
that it is irrelevant whether we use ip or any other power 
of ip as our field. The invariance of general relativity 
under diffeomorphisms allows for any coordinate trans- 
formation we desire. 



III. PATH INTEGRAL EVALUATION 

Now we can compute the path integral for the ip(r) 
field 



(V/|e- iHAr / fi |^) = f ViP(r)e^ r ^ h . ( 



11) 



ip can take on values from minus to plus infinity. Despite 
the occurence of ip 2 (r) in Q every value of ip produces 
a different metric because of the constraint — g vv = F = 
1 — 2mip~ 1 (r). If we had used ip(r) f° r 9ee instead of 
ip 2 (r) we would have had — g vv = F = 1 — 2mip~ 1 / 2 (r) 
and integrating from minus to plus infinity (which simpli- 
fies the calculation) would result in complex values. Of 
course we can make use of a coordinate transformation 
(e.g. use ip 2 instead of ip as the field) as long as we use 
the right functional measure. 

To understand better the meaning of the metrics we 
sum over, let us look at the paths ip — c\ + C2r. This 
is of course only a subset of metrics we sum over. Be- 
cause the Lagrangian only depends on the derivative of 
ip any constant c\ added to it results in the same value of 
the action. The amount of overcounting is independent 
of the non-constant part of ip and will be compensated 
by choosing an appropriate normalization factor for the 
action. Summing over ip with different values for C2 sim- 
ply means we are adding vacuum metrics corresponding 
classically to different physical masses. 

Choosing an approriate measure is still an unresolved 
problem in quantum gravity (cf. [3 f° r proposed mea- 
sures and associated problems like anomaly cancellation) . 
We use the following ansatz for the measure [T^.ll5| 



Vip(r) =IJ Cf ~V n (ri)#(ri) 



(12) 



where n is some number which in general is neither pos- 
itive nor integral and C is a constant. Note that this 
problem for n = is now analogous to deriving the one- 
dimensional Schroedinger equation from the Lagrangian 
Cs = using the path integral prescription [l6l | if we 
use the following substitutions: 



t — ► r 
x — > ip 
2m e — ► — cij(167r 2 fc)~ 



(13) 



Neither an expansion into Feynman diagrams nor a Wick 
rotation to a Euclidean path integral is necessary. Since 
all derivatives in the Lagrangian are taken with respect to 
r meaningful results can be only expected when summing 



over paths parametrized by r which are null, not timelike. 
This issue is not new. It has been observed before by 
Schmekel for the truncated superspace quantization of 
several different problems |12| . In our treatment r is an 
affine parameter along a null line. Such a quantization 
along a null curve is known in quantum field theory as an 
infinite momentum frame quantization |13| | which alters 
the set of Feynman rules. The quantization along a null 
curve has a very pleasant effect. An observer who is at 
rest with respect to a black hole will detect an enormous 
redshift of the radiation emitted by an infalling object. In 
the infinite momentum frame this redshift is absent. All 
the nonlinearities which could be present in the equations 
of motion vanish and we are left with quantizing a theory 
which is linear in our chosen frame. This helps justify our 
truncated superspace approach. Also note that despite 
having used linearizations no quantities were linearized 
in deriving l|lUfl . 

With the substitutions mentioned above we obtain the 
following Schroedinger equation 



d 2 l(m 2 d 2 cp_~ 

i>n—(p = h k — — = Hip 

or lu oip z 



(14) 



where ip = tp(r,ip). From the Schroedinger equation an 
uncertainty relation for A(ip) and A(m e ip^ r ) can be de- 
rived. 



Thus, with 



m e (Aip) (Aip >r ) > 



Tp = Vm = r + ^ + O(r^) 



we obtain 



(A.g e 



. d 

A— gee 

ar 



> 



h l 



2 (vol) 



(15) 



(16) 



(17) 



with an appropriate choice of the normalization constant 
k and (vol) — t-tt^ttuj^ 1 ) 3 . This uncertainty relation was 
found and used to derive the Hawking temperature and 
entropy Q. Furthermore, our Schroedinger equation con- 
serves the probability current. Thus, information cannot 
be lost in the formation of a thermal atmosphere, which, 
in turn, leads to evaporation if the hole is hotter than its 
surroundings, which we have taken as having zero tem- 
perature. The evaporation process would be unitary in 
our example. We point out, however, that latter pos- 
sibility cannot be established by the present arguments 
alone. 

In appendix B we consider the case n = 1 in the 
measure (|12|) . An additional term appears in the 
Schroedinger equation which violates conservation of 
probability current. The resulting equation for ip is not 
local in the sense that the extra term contains ip which 
is an argument of ip. Similar problems occur for differ- 
ent choices with n / 0. Therefore, this equation does 
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not treat all measures equally, but favours the ultra-local 
measure. This leads us to the conclusion that the previ- 
ous case with n = is appropriate for our problem if we 
use as our field. 

Note that for different fields a different measure may 
be necessary. For instance if we had used 2 as our field 
n = 1 would be an appropriate choice. In this case the 
linearization in Eq. 1161 would not be necessary to arrive 
at Eq. U3 



IV. BLACK HOLE HORIZON WIDTH 

We employ the uncertainty relation to estimate the 
width of the horizon. The tensor momentum correspond- 
ing to ggg and the magnitude of the lowest order metric 
fluctuations have been found before Q 



1 



64ttM 



oo 



Ag, 
3h 



r 3 M 2 



This gives with 5r 



ro 



< 6r >= 



(18) 
(19) 

(20) 



which not surprisingly is in the order of the Planck length 
independently of M. This results agrees with York's 
findings which were based on purely physical reasoning. 
However, note that the Hawking temperature, which in 
our framework is now a result from a theory of quantum 



gravity, does not scale as the Planck scale because it is 
independent of G. 



V. SUMMARY AND CONCLUSIONS 

It was shown by quantizing a subset of metrics that 
a meaningful uncertainty relation can be obtained which 
can be used to describe the blurring of the event horizon 
and the thermal atmosphere, and that transitions be- 
tween different states are unitary - at least for the sim- 
plest choice of functional measure. However, we have 
reasons to believe that this is the appropriate measure, 
because other measures produce Schroedinger equations 
which violate locality. The authors are currently inves- 
tigating how this path integral quantization along null 
coordinates can be generalized to more general problems. 
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APPENDIX A: PATH INTEGRAL 
QUANTIZATION (n = 0) 

We would like to quantize the Lagrangian C — b ip 2 r . 
Following |lfi| we compute the contribution from the last 
path-slice tp — ip(X — e) with thickness e to the probabil- 
ity amplitude, i.e. 



¥>(0;,0/, A) = 



C 



exp 



ibtyf- ip'f 



9?(0;,0',A- e) 



(Al) 



For the discretization the following substitutions were used 

0/ + ijy 



2 

t/jf - 0' 



(A2) 



The last slice at r = A and the first slice are denoted by "0/ = "0(A) and ipi = 0(0), respectively. Expanding in powers 
of ip' — ipf gives 



— exp 
Evaluating the integral gives 



d l 



d 2 



1 + (^'-V'/)Tr- + ^(0'-0/) 2 7 r72 



dip f 2 



90 2 f 



^(0 i5 /5 A-e) (A3) 



CV^ib 



ieh d 2 



y(0i,0/, A - e) 



(A4) 



In order to obtain a meaningful equation the factor in ingly. Finally, we obtain 
front of the bracket has to be 1 and C is chosen accord- 
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i ^=-^>w ip (A5) 



APPENDIX B: PATH INTEGRAL 
QUANTIZATION (n = 1) 



si ( ■;. i < f . A i = / ^r(V ) / + V>0 exp 



i6 (V-/ - V'') 2 



(Bl) 



The last slice at r = A and the first slice are denoted by ipf = ip(\) and ipi — ^(0), respectively. Expanding in 
powers of tp' — ipf gives 



v -(r,.(.7.A) = / — (V>/ + </>') ex P 



'\2 



(i>f-i>) 



d 1 



a 2 



1 + W ~ We: + - W 2 £s + 

Evaluating the integral gives 



eft 

<p(ipi,ip f ,\- e) 



(B2) 



ip(ipi,il>f,\) 



ieh d 



46 V/ <9^/ 46 <9V/ 



<p(ipi,i/)f,\-e) 



(B3) 



In order to obtain a meaningful equation the factor in 
front of the bracket has to be 1 and C is chosen accord- 
ingly. Note that the normalization constant C includes 
ipf, i.e. starting from Eq. 1111 we would have to use the 
measure 



^VCnMVN (B4) 



in order to obtain an evolution equation. Ignoring this 
peculiarity, we obtain 



.d_ 

dr 



tp ■ 



8 



-9 



h d 2 



Abipdip r 46 dtp' 



;9 



(B5) 



Now we can show that the latter equation does not 
conserve the probability current. 



also on ip suggest that the functional measure with n = 
is to be used. 



or or or 
ih _ ih I _ 

~4b if4 ' lp ~ W ^>^ + 46^ ~ 

1 

= -3,4 + -j 



(B6) 
(B7) 
(B8) 



The dependence of C on tp and tp jT , the violation of con- 
servation of probability current, and the fact that the 
resulting Schroedinger equation is not local in the sense 
that it does not only depend on tp and its derivatives but 
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